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ABSTRACT: An analytical self-consistent-field theory has been developed for a weak polyacid brush in 
which the degree of dissociation is controlled by the external pH of the solution. This theory gives 
analytical equations for the total brush thickness and for the root-mean-square (rms) thickness, the 
polymer profile, the end-point distribution function, and the local degree of dissociation of the brush 
molecules as a function of pH and the salt concentration. These results are in excellent agreement with 
the numerical model of Israels, Leermakers, and Fleer (Macromolecules 1994, 27, 3249). Simple 
asymptotic expressions for the rms thickness and the degree of dissociation are also obtained. These 
approximate relations are found to be in good agreement with both the numerical model and a recent 
scaling analysis (Zhulina, Birshtein, and Borisov. Macromolecules 1996, 28, 1491). A pronounced 
difference between the dependences of the total thickness and rms thickness on the salt concentration is 
found: the total thickness decreases monotonically as a function of the salt concentration, whereas the 
rms thickness passes through a maximum. This difference is shown to be due to the quite different 
shape of the profiles in various regimes of the brush behavior. Simplified approximate expressions are 
obtained for the position and the height of this maximum in the rms thickness. 

Introduction 
Polymer brushes1+ are very important and interest- 

ing both from a theoretical point of view and for 
practical implementations. They are good models for 
polymer layers formed upon the adsorption of end- 
functionalized polymers or block copolymers, for micro- 
domains of block copolymer superstructures, for the 
corona structure of polymeric micelles, and for some 
biological brushlike systems. 

Charged polymer brushes were studied recently by 
several groups of investigator~.~-l~ Most of these papers 
were devoted to brushes with a constant number of 
charges per chain. However, in brushes of weak poly- 
electrolytes it is unrealistic to fk the number of charges 
per chain if the brush is in equilibrium with a solution 
of variable pH (defined as pH = -log [H30+1) and salt 
concentration. The degree of dissociation is controlled 
by the pH inside the brush (which generally differs from 
the bulk pH) and by the dissociation constant of the acid 
(or basic) groups in the brush. This situation is common 
for all biological systems and is also relevant in the 
stabilization of practical systems by polyelectrolytes. 
Therefore, the modeling of a weak polyacid brush is 
more important than that of a brush with a fixed charge. 
So far, only a few papers16-18 on this theme are 
available. In ref 16 the analysis is based on the 
Scheutjens-Fleer model, whereas ref 17 presents a 
scaling analysis. Some numerical results of a self- 
consistent-field (SCF) theory based on most-likely tra- 
jectories (an approximation that is also used in the 
present analysis) have been given in ref 18. 

These publications16-18 demonstrated that polymer 
brushes with weak groups (i.e., with adjustable charges) 
can exhibit nontrivial behavior which is quite different 
from that of brushes with fixed charges. In particular, 
an increase in ionic strength of the solution can lead to 
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electrostatic swelling of a “weak” brush, whereas a 
brush with fixed charge can only shrink when the salt 
concentration is increased. This is caused by the effect 
of salt on the degree of dissociation a of the brush 
segments. At very low salt concentration, a in a “weak” 
brush is quite small, and much lower than the degree 
of dissociation of such groups in the equilibrium bulk 
solution. Upon addition of salt, a increases toward its 
bulk solution value. This charging tends to expand the 
brush, and this tendency may be stronger than the 
compression effect due to increased screening by salt 
ions. Similarly, the variation of the grafting density cr 
can lead to an unusual effect, uiz. an increase in brush 
thickness with decreasing 0. This can be explained 
along the same lines: a decreasing grafting density may 
give a higher degree of dissociation. 

The scaling analysis17 provided scaling laws for this 
brush behavior, ignoring the details of the internal 
brush structure. Thus, in this analysis the brush was 
considered as a homogeneous region with constant 
volume fraction, polymer charge, and potential. On the 
other hand, numerical calculations16J8 focused mainly 
on this brush structure, taking into account the spatial 
variation within the brush; however, they could not give 
analytical dependencies. In this paper we aim to bridge 
the gap between these two approaches. 

We introduce an analytical SCF theory for brushes 
of a weak polyacid, which leads to an analytical descrip- 
tion of both the internal structure of the brush (for 
which so far only numerical results are available) and 
of its average characteristics (for which only scaling 
relations have been derived). In contrast to the numer- 
ical models, the present theory provides analytical 
equations for the thickness of the brush, for the density 
profile, and for the degree of dissociation of the polyacid 
as a function of the distance from the surface. Simple 
asymptotic expressions for the root-mean-square brush 
thickness are also derived, which are in good agreement 
with both the numerical model16 and the scaling analy- 
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sis.17 The advantage of the latter analysis is that not 
only power laws but also non-power-law dependences 
and the numerical coefficients are obtained. The present 
theory is elaborated in a wider range of pH and allows 
us to  analyze the inner structure of the brush, which is 
impossible in a scaling model. 

We start from the SCF formalism as introduced by 
Semenovlg and developed later in a number of  paper^^-^ 
for different cases of brush behavior. We extend this 
treatment to brushes of a weak polyacid. The results 
will be compared with the numerical theory outlined in 
ref 16; for a detailed description of this model we refer 
to the original paper. 

General Model 
Let us consider a weak polyacid (HAIN composed of 

N spherically symmetric units of linear size 1. Each 
polymer chain is attached to an impenetrable surface 
with dimensionless grafting density 0, immersed in an 
aqueous electrolyte solution of a given pH. Let the 
electrolyte be NaC1. Then, we have the following ions 
in the bulk solution: H30+, OH-, Na+, C1-. The 
concentrations of these ions determine the pH and the 
ionic strength. All these ions, as well as the water 
molecules, are assumed to be of equal volume Z3, and 
these species are allowed to penetrate into the brush. 
For a weak polyacid the degree of dissociation is not 
fured, but it is a function of the local pH. The volume 
fraction of brush charges at distance x from the surface 
is equal to a ( x ) q ( x ) ,  where a(x) is the local degree of 
ionization of the polyacid and p(x) is the volume fraction 
of polymer in the brush. Both a(x) and q ( x )  are, as yet, 
unknown functions. In this paper we express x, as well 
as all other length characteristics, in units of 1. This 
facilitates a comparison with the results of a lattice 
theory.16 

In order to  find the equilibrium distributions of all 
components, one should analyze the free energy func- 
tional of the system. We shall use several assumptions 
which make this functional simpler. As in ref 17, we 
assume that the interactions of the mobile ions are 
dominated by the electrostatics. Then the volume 
fractions q i (x )  of the ions in the brush are related to 
those in the bulk solution, @i, through the local elec- 
trostatic potential q ( x )  according to Boltzmann’s law: 
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exceeds by far the characteristic screening length of 
electrostatic interactions.15J6 This local electroneutral- 
ity concept assumes a complete compensation of the 
polyelectrolyte charges by the charges of the mobile ions 
at any height x in the brush. This assumption does not 
imply that there are no electrostatic interactions; on the 
contrary, they are assumed to be so strong that no 
charge separation is allowed. Nor does it mean that the 
electrostatic potential is zero (or constant): in regions 
where there is a high polymer charge, there is a large 
unbalance between mobile cations and anions, so that 
according to eq 1 q is non-zero. The spatial variation 
q(z)  is coupled to that of the polymer charge as indicated 
below (eq 2). 

There is a slight inconsistency in the model because 
d2q(x)ldx2 should be related to the space charge density 
e according to  the Poisson-Boltzmann equation, and 
we set e = 0 from the start. The full numerical 
computations16 showed that d2~(x)ldX2 and, conse- 
quently, g(x) are quite small. In all cases the difference 
between the concentration of negative and positive 
charges is well below 1% of the cation concentration. 
Hence, a very good approximation for these concentra- 
tions and for q(x )  can be obtained by neglecting this 
difference. In effect, we abandon the Poisson-Boltz- 
mann equation and replace it by the electroneutrality 
constraint. This is completely analogous to calculating 
the equilibrium distributions and the potential in a 
classical Donnan equilibrium. 

The local electrostatic potential can now be expressed 
as 

(1) 

where kT is the thermal energy and e is the elementary 
charge. The volume fractions of all ions in the brush 
as well as the electrostatic potential are functions of the 
distance x from the grafting surface. This makes our 
analysis different from scaling and allows us to analyze 
both the detailed inner structure of the brush and 
average characteristics, such as the mean height, the 
mean density, and the mean degree of dissociation of 
the polyacid. 

In order to find V ( x )  and the corresponding distribu- 
tions of ions, one could solve the Poisson-Boltzmann 
equation. This is done in full in the scheme of ref 16, 
whereas in ref 18 a Debye-Huckel approximation was 
employed; both these papers could give only numerical 
solutions. In this paper we adopt a more simplified 
approach and use the approximation of local electro- 
neutrality of the brush, which has been shown to be 
valid in charged brushes when the brush thickness H 

where p: refers to  i = H30+ or Na+, q; refers to i = 
OH- or C1-, and @+ = @)H~O+ + is the total volume 
fraction of cations in the bulk solution. In the following 
we will abbreviate as @H+. We consider below 
@H+ to be rather small, so that @+ gives in fact the salt 
concentration (except when no external salt is added). 

The free energy can be written as the sum of an elastic 
term and a mixing term. For the former we use the 
standard Semenov expression 

where H is the total thickness of the brush, the function 
E ( x y )  determines the local stretching at height x of a 
chain with its free end located at height y, and g(y) is 
the distribution function of the free ends. Further 
details can be found in refs 3-8. 

With the above approximations, the local mixing part 
of the free energy density f i x )  (expressed in kT units 
per volume Z3) is given by the equation: 

where p: is the standard chemical potential of a spe- 
cies of type i, which is also expressed in kT units; in 
the sum also i = HzO is included. The chemical 
potentials of A- and HA define the dissociation constant 
Ka according to log Ka 0 0 0 - ~ K A  = p, - ,U,+ - PA-. 
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The first two terms in eq 4 describe the mixing 
entropy of charged and uncharged groups. The terms 
qpi In qi are associated with the translational entropy of 
the mobile ions as well as the water molecules. The 
third and fourth terms, where HA corresponds to 
nondissociated polyacid groups and A- to dissociated 
ones, account for the local dissociation equilibrium. We 
ignore the polyelectrolyte effect; i.e., the charged groups 
dissociate as if they were isolated in a solution with the 
local pH. Note that we do not consider any solvency 
effects; all Flory-Huggins interactions are taken to be 
zero. Due to the electroneutrality approximation, fix) 
does not contain any explicit electrostatic terms, which 
is allowed because the net charge density is zero in our 
approximation. Nevertheless, the electrostatic inter- 
actions are still accounted for because a(x) is coupled 
to y(x) through eq 2. 

Taking into account this condition of local electro- 
neutrality, eq 2, and the incompressibility condition, 
Ciqi(x) + q ( x )  = 1, we can evaluate the derivative 
df(x)/da(x) to give an expression for the local degree of 
dissociation. From the minimization condition 
dflx)/da(x) = 0 (which is approximate because the elastic 
free energy in eq 3 does not explicitly depend on a(x) it 
then follows 
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(10) ln[l - a(x)] = A' - k2x2 

where a b  is defined by the equation: 

ab 
@H+ 1 - a, K, = - (6) 

This form of eqs 5 and 6 applies to dilute polymeric 
systems, where P)H~O is close to unity. Hence, the results 
of our analysis are expected to apply for dilute brushes, 
which is the typical situation when the brush contains 
charges. 

We obtain q ( x )  as a function of a(x) by eliminating 
y(x) from eq 5 and substituting the result of eq 2: 

As shown before (see, e.g., ref 5) the variation of the 
total free energy with respect to  I&) for brushes of 
Gaussian elasticity leads to 

with 

k2  = 32/(8N2) (9) 

The constant A can be obtained from the boundary 
conditions q(H) = 0 and a(H) = ab, where H is the 
thickness of the brush. The simplest approach is to 
ignore the excluded volume effects connected with 
polymer and mobile ions completely, i.e., to set = 
1. The more general case of polymer and ions m t h  
volume (Q)H~O < 1) is straightforward but gives more 
complicated equations; this general case is treated in 
the Appendix, As will be seen in the Results, the 
simplified version with 1 is adequate under most 
conditions. Then differentiation of eq 4 with respect to 
q ( x )  gives 

where A' and A differ only by a constant. With a(H) = 
a b  an expression for A' is obtained: 

A' = ln[l - ab] + k2H2 (11) 

Combination of eqs 10 and 11 gives 

Equations 12 and 7 give us the dependences of a(x) 
and q ( x )  on the external characteristics (i.e., a b  and W) 
and on the distance x from the grafting surface. The 
only remaining problem is that the value of the total 
thickness H of the brush, defined by the condition q(H) 
= 0, is unknown as yet. In order to obtain H one has to 
solve the integral equation describing the normalization 
condition: 

or, with eq 12: 

ekW'-kzxZ 
dx- 

kZIIL-kzx2 2 (1 - (1 - able ) 
-k2@ 

ab 

-hHekzxa e dx) (14) 

The second integral of eq 14 can be written as 
k-lD(kH) where D(5) is the Dawson integral, defined 
as 

t>> 1 

We introduced in eq 15 only the first terms of an 
analytical expansion for the Dawson integral, which is 
appropriate in the limiting cases of very low or very high 
values of 5 (or kH). Unfortunately, we cannot do the 
same with the first integral in eq 14 without any a priori 
assumptions. 

In the next section we will introduce some asymptotic 
approximations, but we also solved eq 14 numerically 
to  obtain the thickness H of the brush and, from eqs 12 
and 7, all the other characteristics of the brush. 

In eq 3 we introduced the end-point distribution 
function g(x). This quantity is directly related to q ( x )  
through q ( x )  = (Z/n)Nafg(y) (y2 - x2)-112 dy, as has 
been shown b e f ~ r e . ~ - ~  By an inversion g(x)  
may be obtained explicitly from q'(x)  E dq(x)/dx, ac- 
cording to g(x)  = -(x/(oIV))JrpY.y) (y2 - x2)-112 dy. This 
result may be verified by substituting the expression 
for gCy) in q ( x ) ,  using the standard integral .Qy2 - 
x2)-ll2(z2 - y2)-1/2y dy = n/2. We note that the above 
equation for g(x) is general for any q ( x )  and q'(x) .  In 
our case q'(x)  is obtained by differentiating eq 7 with 
respect to x (after substituting a ( x )  from eq 12). The 
final outcome for g(x)  is 
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of ionization a(x) in the brush changes from very low 
values near the surface to values close to a b  in the outer 
part of the brush. In order to obtain an asymptotic 
expression, we assume a(x) to be small in the region 0 
< x < Hms and to be close to a b  outside this region: 

a(x) << 1 O < X < H , ,  
ab - a ( X )  << 1 Hms < x < H (19) 

With these assumptions, the leading term in eq 13 is 
proportional to a-'(x). In this region a(x) = 1 - 
exp(ln(1 - a b )  + k2EP - k2x2} << 1. The expansion of 
the exponent gives 

(20) 

where a0 is the degree of dissociation at  x = 0 and is 
given by 

(21) 

In order to obtain an asymptotic dependence from eq 
13, with eq 20 for ab), we integrate the first term 
between the limits x = 0 and x = H,,,. The result is 
No = f p + k - l a ~ - ~ / ~ a d ( l  - ab) ,  where the numerical 
prefactor f is given by 2f = t/(l + t2 )  + atan(t), with t 
kH,$&. In order to  proceed we note that the factor 
f does not depend strongly on t at t L 1. To get a 
reasonable value for PA,, we make the somewhat 
arbitrary choice t = 1 or a 0  k2HmS2. In the compari- 
son with the numerical data, below, we will see that 
this approximation gives excellent agreement. Now the 
asymptotic dependence is found to be 

a(x) * a. + k'x' o < x < H,,, 

a,, = -PH' - In(1 - ab) 

where we have introduced t 

Asymptotic Dependences 
In this section we derive asymptotic expressions for 

total thickness H of the brush, defined by q(H) = 0, and 
for the root-mean-square thickness Hms, which is given 

EP - y2. 

by 

We obtain these asymptotic dependences in the limiting 
cases of high and low ionic strength, respectively. To 
that end, we use different assumptions in the two 
different regimes: the so-called salted brush at high salt 
concentrations and the osmotic brush at low salt con- 
centrations. 

Salted Brush. This case is easiest to analyze, 
because the brush characteristics are close to those of 
a neutral brush with an effective excluded volume which 
is determined by the electrostatic interactions. Such a 
salted brush has a parabolic profile, similar to that of a 
neutral brush. For a parabolic profile, H,, is propor- 
tional to H according to the relation H,, = H/&. In 
this regime k2EP = (3zz/8)H2/W is much smaller than 
~ n i t y . ~ - ~  Since (1 - a(x)) < 1, we can use the expansion 

1 - = t ( n  + 1 ~ 1 -  a(x))n 
1 -- 

a%) (I - [I - a(~)]) '  n=o 

which is valid a t  all values of ah). In the salted-brush 
regime a(x) a b  and at a b  w 1 only a few terms in the 
expansions are needed. This expansion, together with 
eq 12, gives for the first integral of eq 13 

i=O 

Note that the last integral is an error function, for which 
the given series expansion is well-known for kH << 1, 
which is the case for a salted brush. The same type of 
expansion is also valid for the Dawson integral in eqs 
13-15. Thus, the result of the expansion of eq 13 is 
No = C~=oci(kH)2if'. The first coefficient co in this 
series is zero, and the second is c1 = (4/3)@+k2Pab-', 
where k2 is defined by eq 9. 

When only this second term c1 is taken into account, 
eq 13 gives 

p a l t  * (3$)"3 
Since ~ 2 :  = HW&, a similar expression applies for 

Osmotic Brush. In the case of low salt concentra- 
tions, in the so-called osmotic regime, the entropy of the 
counterions plays the main role. In this case the degree 

I f a h  with nz replaced by &53'2. 

Equations 18 and 22 give asymptotical relations for 
the root-mean-square thickness of the brush that are 
in good agreement with asymptotical dependences 
obtained in the scaling analysis of ref 17. 

A clear advantage of eq 22 is that it gives also the 
numerical prefactors and that it allows us to obtain an 
analytical expression for a 0  and, with eq 21, also for H.  
For a0 we find 

Note that, even when the external salt concentration 
is equal to zero (QNaf = o), @+ = @H+ f 0, so that is 
small but not zero. This fact was overlooked in the 
interpretation of the numerical data in ref 16 and led 
to a wrong conclusion about neutral brush behavior in 
the limit of low salt concentrations. For a neutral brush 
H,, scales as all3, whereas eq 22 shows H,, 0~ o-lI3, in 
agreement with the scaling r e ~ u 1 t . l ~  Hence, the 
Hms(o) trends reverse. A decrease in salt concentration 
leads ultimately to the case of a brush dissociating in 
pure water with a mean height as described by eq 22 
with @+ = @H+. Thus, we do not expect to have a fully 
neutral brush at zero external salt concentration. 

The full height of the brush in the osmotic brush 
regime follows from eq 21: 

(24) k2Hz = -ln(l - ab) - a,, 

where a0 is given by eq 23. 
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0 200 X 400 

Figure 1. Density profiles q(z) of a polyacid brush at four 
different volume fractions of salt (indicated). The solid curves 
were obtained with the analytical theory of the present paper; 
the dashed curves, with the numerical model of ref 16. 
Parameters: N = 500, pKa = 7, pH = 8, u = 0.002. 

0.5 I I I 

0 200 x 400 
Figure 2. End-point distribution function g(x) of a poly- 
acid brush at three different salt concentrations (indicated). 
Parameters: as in Figure 1. 

Equation 18 shows that H,, and H increase with 
decreasing salt concentration and increasing grafting 
density in the salted-brush regime. However, according 
to eq 22 Hms decreases with decreasing W and increas- 
ing u in the osmotic regime, whereas H continues to 
increase monotonically. At low @+, this increase of H 
levels off, and the dependences of H on @+ and u loose 
their power-law character. At very low salt concentra- 
tions H tends to the value H = [-ln(1 - ab)Iu2/k, which 
is proportional to N (cf. eq 9) and independent of u. The 
rms thickness passes through a maximum at some 
intermediate salt concentration. The different behavior 
of H and H,,, is a consequence of the rather different 
shape of the segment density profiles in the two regimes. 
We return to this point in the following section. 

Substitution of eq 24 for k2@ into eqs 20 and 7 gives 
analytical expressions for the degree of dissociation 
a(x) and the density profile q ( x ) .  For x = 0, this results 
in scaling dependences = (Waddl - and 
q(0) DC (@+add1 - ad)-1’3,  which is consistent with 
the scaling behavior of the mean characteristics a and 
q of the brush as a whole, as obtained in ref 17. 

Results and Discussion 
Figures 1-3 show the segment density profiles, end- 

point distribution functions and degrees of dissociation 
of a weak polyacid brush at different salt concentrations. 
The solid curves in Figures 1 and 3 were computed from 
eqs 7 and A7, respectively. The more approximate eq 
12 instead of eq A7 gives nearly identical results for 
ab).  However, the values for H ,  obtained from eq 13 
are slightly different. The (rounded) values for H with 
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Figure 3. Degree of dissociation a(x) of a polyacid brush at 
four different salt concentrations (indicated) as a function of 
the distance to the surface. The solid curves correspond to 
the analytical theory of the present paper; the dashed curves, 
to  the numerical model of ref 16. The dotted curves were 
computed from the asymptotic expressions given in eqs 20 and 
23. Parameters: as in Figure 1. 

eq A7 are 81,158,287,368, and 390 for W = l O - l ,  
and respectively. The use of eq 12 

produces 74,156,286,367, and 389. As a consequence 
the brush profiles q ( x )  are slightly more compressed 
when eq 12 is used, especially when q ( x )  is relatively 
high; however, even in those cases the differences are 
well below 10%. Apparently, excluded volume effects 
are of minor importance as compared to the electrostatic 
contributions. 

The analytical segment profiles (Figure 1) and the 
degree of dissociation (Figure 3) are in excellent agree- 
ment with those obtained in the numerical calcula- 
tions;16 the latter results are given by the dashed curves. 
In the lattice calculations 1 = 0.6 nm is used and in 
connection with this the conversion factor from the salt 
volume fraction to molar salt concentration is 7.7. 
Except for a narrow depletion zone next to the surface 
and a “tail” in the periphery of the brush, the analytical 
and numerical profiles in Figure 1 coincide virtually 
quantitatively, in the same way as for uncharged 
brushes.20 This confirms the validity of using the local 
electroneutrality approximation instead of the full Pois- 
son-Boltzmann equation. 

As already discussed in ref 16, a decrease in the salt 
concentration from relatively high values (10-l) to 
rather low values results in a nonmonotonical 
alteration of the profile. At high salt concentrations the 
profile has a nearly parabolic shape, as for a neutral 
brush. This is the well-known salted-brush regime, 
where a(x) is nearly constant (a(x) x ab; see Figure 3) 
because the Coulombic interactions are largely screened 
by salt ions; the electrostatic interactions can be de- 
scribed through an effective excluded volume which is 
proportional to the square of a(x) rz ab and inversely 
proportional to p+(x) % 

Figure 2 (solid curve) shows the end-point distribution 
function corresponding to this regime. This also re- 
sembles that for a neutral b r ~ s h . ~ ! ~ , ~ ~  It is interesting 
to note that, although the brush almost behaves as a 
neutral one, its degree of dissociation in this regime is 
rather high, being nearly equal to that in the bulk 
solution, ab; see Figure 3, upper curve. 

leads to a broadening of the profile and the end- 
point distribution function. Simultaneously, the thick- 
ness H of the brush becomes higher, and the polymer 
concentration near the surface lower. This decrease is 
a result of Coulombic repulsion of the polyacid charges, 

A decrease in the salt concentration to @+ x 
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@+ 

Figure 4. Total thickness H of the polyacid brush and the root-mean-square thickness H,, as a function of salt concentration 
@+, for two values of grafting density: CJ = 0.002 (a), u = 0.01 (b). The solid curves correspond to the analytical theory, and the 
dashed curves, to the asymptotic dependences given in eqs 18,22, and 24. The dotted curve for H,, in Figure 4a was calculated 
with the numerical model of ref 16. Parameters: N = 500, pK, = 7, pH = 8. 

which is not completely screened at these salt concen- 
trations. From the curve for in Figure 3 it is clear 
that the degree of dissociation of the brush molecules 
is still rather high under these conditions, but the salt 
concentration is not high enough to screen the repulsion 
between the charges. As a result, the brush expands. 
Note that at @+ = 10-1-10-2 (salted brush) a(x) p(x) << 
@+, whereas these quantities are nearly equal (a(x) 
&) @+) at  @+ = This concentration corre- 
sponds to the transition toward an osmotic brush (where 
a(x) q ( x )  >> @+I. 

Upon further decrease of the salt concentration this 
expansion does not continue. On the contrary, the 
internal part of the brush becomes more compact, and 
the profile in this part resembles that of a near-neutral 
brush (as for @+ = 10-l). However, the brush profile 
exhibits a protruding dilute tail. As stated above, in 
the osmotic regime (@+ = 10-4-10-5) a(x) p(x) >> @+, 
which can be easily checked from the data given. 

As can be seen from the two lower curves in Figure 
3, a decrease of @+ down to values 10-4-10-5 results 
in a strong decrease of the degree of dissociation of the 
brush polyacid. The association of the acid groups with 
protons weakens the Coulombic repulsion and leads to 
a more compact inner profile. The curve for in 
Figure 1 shows that indeed the polymer concentration 
near the surface is about the same as at cP+ = 10-l. 
Nevertheless, the profile in this case still has a very long 
tail, which means that the distribution of the free ends 
in a polyacid brush at  low salt concentrations is much 
wider than that in a neutral brush. This feature is 
shown clearly in Figure 2 (dotted curve). Since the tail 
in the profile contributes only slightly to the mean 
characteristics of the brush, in particular to the rms 
brush thickness, H,,, will be approximately the same 
in the two limiting cases of high and low salt concentra- 
tions. However, the full thickness H of the brush is 
quite different in these two regimes, being much higher 
in the limit of the low salt concentration. This could 
be relevant in, for example, surface-force measurements, 
where the first interaction is probably determined by 
H ,  and not by H,,. 

In the case of high salt concentrations (salted brush), 
where the brush has a parabolic profile, H can be easily 
estimated from the profile plots. At lower salt concen- 
trations (osmotic brush) the brush is characterized by 
a quickly decreasing profile at short distances and a 
slow decay in the periphery. In the latter case H is 
difficult to define from visual inspection of the profile. 
However, the mathematical definition on the basis of 
p(H) = 0 is still possible. These values for H were given 
above. 

Figure 4 (upper curves) shows the dependence of the 
total thickness H of the brush on the salt concentration, 
for two values of the grafting density: u = 0.002 (Figure 
4a) and u = 0.01 (Figure 4b). These curves were 
computed from eq 14. Indeed, H is a monotonically 
decreasing function of @+. The lower solid curves in 
Figure 4 give the root-mean-square thickness H,,, 
calculated with eq 17; in Figure 4a also the results for 
H,, according to the numerical model16 are given 
(dotted curve). In contrast to the monotonic variation 
of H with the salt concentration, H,, shows a maximum 
at an intermediate ionic strength. The analytical and 
numerical predictions again virtually coincide. The 
quite different behavior of H(@+) and E?,,(@+) might 
be rather surprising at first sight but is easily explained 
from the different shapes of the density profiles (com- 
pare Figure l), as discussed above. The maximum in 
H,, corresponds to the transition between different 
regimes of brush behavior, from the salted brush to the 
osmotic brush.14J6 

The numerical solution for H and H,, in Figures 4a 
and 4b (solid curves) may be compared with the asymp- 
totic relations for the salted-brush and osmotic-brush 
regimes as given in eqs 18, 22, and 24. These asymp- 
totes are indicated by the dashed curves in Figure 4a,b. 
A rather good agreement for the full height of the brush 
is seen over almost the entire range of the salt concen- 
tration; only around the transition salted brush/osmotic 
brush do deviations occur. The root-mean-square thick- 
ness H,, is well described by the approximate depend- 
ences only in the two limiting cases of relatively high 
or low salt concentration. In the intermediate region 
the asymptotic expressions for H,, deviate considerably 
from the exact solution because in this region more 
terms of the expansion should be taken into account. 
Nevertheless, as will be shown below, the use of these 
approximations allows us to describe the position of the 
maximum of H,, on the “numerical” curve, as well as 
the variation of this maximum as a function of the pH. 

Also for conditions other than those shown in Figure 
4, the asymptotic dependences of H,, (eqs 18 and 22) 
describe the trends quite well, both in comparison with 
the numerical calculations (see ref 16, Figures 5 and 
6), and with the scaling predicti~ns.’~ Figure 5 of ref 
16 shows the dependence of H,, on m,~ ,  where meff M 
Gab2/@+, for the salted-brush regime. The points ob- 
tained in the numerical calculations for different sets 
of the parameters (0, N ,  and pH) lie close to the line 
with a slope V3, in agreement with H,, = (ua~,~/@+)l’~ 
according to eq 18. Scaling analysis17 also predicts the 
same dependence. Figure 6 of ref 16 shows how H,, 
depends on cP+K,la@~+ for the osmotic-brush regime. 
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Figure 6. Salt concentration corresponding to the 
maximum on the curve Hm8(at) as axnction of the degree of 
dissociation in the bulk solution. The solid curve was calcu- 
lated with eq 25; the squares are from the numerical model of 
ref 16. Parameters: N = 500, 0 = 0.002. 

Since K, = @ H + a d ( l  - ab), the line with a slope l/3 
corresponds to the dependence H,, = (@+addl - 

cf. eq 22. The “numerical” points are indeed 
located close to the line with this slope, although there 
are some deviations. These deviations are not very sur- 
prising: the asymptotic dependences are only valid in 
the two limiting cases of very high and very low salt 
concentrations. In the intermediate region the asymp- 
totes can describe only the main trends; no exact 
agreement may be expected. 

In order to analyze the position of the maximum on 
the curve H,,(@+), we assume that the position of this 
maximum is given by the equality of H,, in the salted- 
brush and the osmotic-brush regimes: = WAS. 
Using the asymptotic expressions even in this range 
(where according to Figure 4 considerable deviations 
occur) leads to the result 

It is interesting to note that there is a nonmonotonic 
dependence of the maximum position on the pH (or on 
a b  = 10-PKd(lO-PKa + 10-pH)). Thus, at pH < PKa ( a b  < 
0.5) an increase in the pH results in a shift of the 
maximum toward higher values of the salt concentra- 
tion, but at pH > pKa ( a b  > 0.5) the opposite trend is 
found. Figure 5 shows the dependence of miBx on a b  
according to eq 25 (solid curve) and several points 
obtained from the numerical calculations in ref 16 
(indicated by squares). A reasonable qualitative agree- 
ment between the theoretical prediction and the nu- 
merical results is seen. In both cases, there is a 
nonmonotonic dependence of @:” on a b ,  with a maxi- 
mum around a b  = 0.5. Quantitatively, the agreement 
is less: the numerical points lie above the theoretical 
curve. This is due to the rather rough description of 
the maximum position, which was derived from the 
equality of two asymptotic relations in a region where 
these asymptotes are not valid. 

Equation 25 illustrates how the maximum in the 
curve El-(@+) shifts with varying coverage (T. In fact, 
this shift applies to the entire curve and enables us to  
predict in what region the asymptotical dependences 
(18) (for the salted brush) and (22) (for the osmotic 
brush) are valid as (T is varied. For example, in Figure 
4a the asymptotic relation for the osmotic brush applies 
us to  about @+ lop5 at (T = 2 x whereas in 
Figure 4b this is the case up to @+ = lo-* at cr = 2 x 

max 
Hrms 

100 

0 
1 

ab 
0 0.5 

Figure 6. Height of maximum Pz of the curve Hm,(W) as 
a function of the degree of dissociation in the bulk solution. 
The solid curve was calculated with eq 25 and fixed to the 
experimental point at ab = 0.5; the squares are from the 
numerical model of ref 16. Parameters: as in Figure 5. 

This shift is the same as that predicted by eq 25 

We can obtain also the absolute value of P,y in the 
for the position of the maximum. 

same way. Substitution of eq 25 in eq 22 gives 

Note that Pmy is independent of CJ and depends on 
a b  only. The dependence on a b  is rather strong at high 
a b  and much weaker at low ab. Scaling17 
predicts Pmy = for low pH (low ab), in agreement 
with eq 26. Figure 6 shows the theoretical dependence 
0.5Pmy(ab) (solid curve) and the points Pmy obtained 
in the numerical calculations16 (squares). The correc- 
tion factor 0.5 was chosen such that the analytical curve 
matched the numerical one at a b  = 0.5. As can be seen 
in Figure 4a,b the intersection of the asymptotic curves 
gives a much higher value for than the maximum 
in the “numerical” curves, because the asymptotes 
diverge greatly in the intermediate region. With this 
in mind, a very good semiquantitative agreement is 
obtained between the approximate eqs 25 and 26 and 
the numerical data. 

From the results of this paper it follows that there 
are two different measures of the brush thickness, which 
at  small salt contents scale in different ways. The first 
is the average thickness, defined by some moment of 
the density distribution. In this paper we considered 
the second moment H-; it can be shown, however, that 
the first and higher moments obey the same scaling 
rules as HmB. The second measure of the brush thick- 
ness is the total size of the brush or the entire width 
over which the end points of the chains are found. 

The analysis of a polyelectrolyte brush with simple 
scaling con~iderationsl~ provides only one characteristic 
for the thickness. It is not surprising that this “scaling 
thickness” is an average property and that the scaling 
dependences obtained in ref 17 coincide with those 
obtained for H,, in this paper. The limiting full brush 
size does not manifest itself at all in the naive scaling 
picture. 

We note that this difference between the average and 
the limiting brush size for polymeric brushes is found 
here for the first time. For neutral brushes and for 
salted brushes, for which the profile has a parabolic 
shape, the average and maximal brush thicknesses are 
proportional to each other so that the scaling behavior 
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is the same. For polyelectrolyte brushes in the osmotic 
regime the full brush size is related to  the contour 
length of the grafted chains, whereas the density 
distribution is determined only by the average brush 
size. 

Also the other scaling dependences obtained in ref 17 
describe the average brush characteristics. For the 
degree of dissociation and the brush density these are 
weight-averaged quantities. 

Conclusions 
We have analyzed the behavior of a brush of a weak 

polyacid as a function of the pH and salt concentration 
in the solution on the basis of analytical SCF theory. 
We obtained analytical equations for the total thickness 
and root-mean-square (rms) thickness of the brush, for 
the density profile, for the end-point distribution func- 
tion, and for the degree of dissociation of the charge 
groups in the brush. The analytical results for the 
segment concentration and the degree of dissociation 
as a function of the distance from the surface and for 
the dependence of the rms thickness on the salt con- 
centration are in excellent agreement with the numer- 
ical calculations of ref 16. As in this model, we find that 
the rms thickness passes through a maximum as a 
function of the salt concentration; however, the total 
thickness increases monotonically with decreasing ionic 
strength. We derived also simple asymptotic expres- 
sions for the total thickness and rms thickness and for 
the degree of dissociation in the limiting cases of high 
and low salt concentrations, corresponding to  two dif- 
ferent regimes of brush behavior, uiz. the salted brush 
and the osmotic brush. These asymptotic dependences 
are found to be in good agreement both with the 
numerical modeP and with a scaling ana1y~is.l~ The 
advantage of this treatment above both the numerical 
calculations16 and the scaling analysis17 is that it 
provides analytical equations with all the numerical 
coefficients for all brush characteristics. The analysis 
is valid in a wide range of pH and makes it possible to 
predict rather subtle effects, such as the position and 
height of the maximum in the rms thickness as a 
function of the salt concentration. 
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and I&) is given by eq 7. Substitution of eq 7 into (A21 
and (A2) into (Al) results in a cubic equation in a(x) 
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Appendix. A More Rigorous Equation for a(%) 
Equations 10-12 were derived under the assumption 

~ ) H ~ o  = 1. In the more general case V)H~O * 1, 1 - a(x) 
in eq 10 must be replaced by (1 - a(x)) /qHzo(x) ,  and a 
similar modification applies to eq 11. Now eq 12 is 
changed to 

(All P)HzO(x) kz@ -k2x2 a(x) = 1 - -(1 - ab)e 
1 - 2@+ 

which may be written as 

3 2 a -pa  - q = O  

with 

k2@-k2X2 p = 1 - (1 - ab +gable 

= fabek2@-k2x2 

@+ 
= 1 - 2@+ 

The solution of (A3) is 

1 a(x) = g~ + (A + BIu3 + (A - B)1'3 

where 

A = q/2 + p3/27 

B2 = q(ql4 + p3/27)  

From eq A7 a(x) can be directly solved. For f -  0, a ( x )  
= p ,  which is identical to eq 12. Substitution of ab) as 
obtained from eq A5 into eqs 7 and 13 provides p(x) and 
H .  
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